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1 Position of the problem

In this section, we study the optimization problem, which can be written as
follows:

min f(6) where f(0) = Egp[£(6,5)], (1)
feRC

where:

e The function f is called the objective function.

e The function £ is the loss function.

e P is the unknown data distribution on the domain S

e 0 is the set of parameters we wish to optimize.

In the following sections, we are going to focus on the Adam optimizer.
Section 2 is a brief introduction to the history of the Adam algorithm. Section
3 is a description of the algorithm. In section 4, we analyze the convergence
behavior of the algorithm in the nonconvex setting.



2 Brief history of the Adam optimizer

The Adam algorithm was first introduced in 2015 [1]. The authors proposed a
proof of convergence which was found to have problems. In 2018, [3] clarified the
inconsistency of the previous paper and fixed the proof in the convex setting. In
[2], the authors conducted the proof for the non convex case under some useful
parameter settings.

In the following sections, we provide a detailed version of the proof provided
in the original paper [2].

3 Description of the algorithm

The Adam algorithm defined in [2] is summarized in Algorithm 1

Algorithm 1 The Adam Optimizer
Require:

Initial parameter value: §; € R?

. T

Learning rates: {n:},_;

Decay parameters: 0 < 1,0 <1

Stability parameter: € > 0
Ensure: e-First Order Stationary Point 671

1: Set mg =0,v9=0
2: fort=1to T do

3:  Draw a batch (s!);cp, from P
4: Compute g; = ‘Bltl > VL(b:,s)
SEBy

5: Update m; = fiymy—1 + (1 — 1) g¢
: Update vy = v4—1 — (1 — B2) (V4—1 — gL 0 gt)
Update 9t+1 = 9,5 — ntﬁ

4 The convergence behavior of the Adam opti-
mizer

4.1 Preliminaries

We are fetching for First Order Stationary Points. We would like to prove that
under some assumptions on the loss function (not necessarily convex), we can
have:

1 & . . .
T;E[waonz]sw) with  lm h(T) =0

Where T is the number of batches



4.2 Assumptions

e (A;): We assume the loss function £ to be L-smooth, which means that:

V01,05 €RIVs €S |[VL(0a,s) — VL0, 8)|l2 < L||f2 — 012 (2)
e (As): We assume the loss function £ to have bounded gradient: i.e,

IGER, VORI Vs S ||[VLO,s)|2 <G (3)

o (A3): We assume the variance of the loss function £ to be bounded: i.e,
Vo e R E[|VL(0:€) — VLO)|3F] < o? (4)

where the sigma-algebra F; represents the information known at time t

4.3 The convergence theorem




4. If the batch size is of the form by = [bot"] for allt (with 0 <~y <1 ).
Then,
1 & . 1
728 (19 @] =0 ) (10)

Proof. We would like to understand the change in function value between two
successive iterations of the algorithm 1. In the whole proof, we will consider

p1=0
1. Showing that the objective function f is L-smooth
For all 4, 05 € R4

IVf(61) = V[ (2)[l, =[[VEswp [L(61;5)
= |Esnp [VL (015 5)] — Esnp [VL (025 5)] |,
= [[Eswp [VL(0155) — VL(02;9)] |,

S Eswp [[VL(0155) = VL(02;5)]],]
< Esop[L]|@2 —0:1],] (from the assumption 2)
= L||02 — 01])2

01;5)] — VEsup [L£(02;5)]||, (from the definition 1)

Therefore, f is L-smooth

2. Deducing the change in the objective value between two succes-
sive iterations.

Let us consider t € [T]. As f is L-smooth, we can deduce that:

F(0i41) < F(0) + VT f(0:) (Brs1 — 6) + g 181 —0:]l;  (11)

From the update equations in algorithm 1 we have:

gt
0 = 0 — B ——
t+1 t— ( \/VT n 6)
Which can be expressed component-wise as follows:

. gL t
Vi € [d] 0, t+1 = 0;;— (12)
, ) ( it + e)

From 11 and 12, we deduce the following inequality:

gzt

L77t
f(0r11) < [(6:) ”tZ( 1) \/ﬁ ) = (Vite)

Let us introduce the following notations for each time ¢’



b} be the size of By .

The sigma-algebra Fy represents the information known at time t’.

Consequently:

E[f (Bi1) | 7 < £ (80— f (1vr @0 xE| B 7))

1=1
(a)
L & 2
+mZE[ S IR
i=1 (\/Vz’,t + 6)
(b)
(13)
3. Bounding the first term (a) in 13
We have:
IE{ 8it ]__t] —-F git Git + 9i t | F,
Vit te€ | Vit t¢€ Bavi—1 +€ Bavi—1 +€
—-F 8it 8it FAESS 8it | F,
| VViit te Bavii—1 +e€ Bavii—1 +e€
& : Vi(0)]:
) it 8iyt | F| + Vf(9)]
AR Bavit_1+e€ Bavii—1+€

Which enables us to rewrite (a) defined in 13 as follows:

d
_ [Vf (Ot)]i, git _ git
(a)=—m Z:ZI <[Vf (at)]i . Bovi—1+e€ e l\/"T,tJF € Bov; 1+ € | ]:t] ‘|>
- V/( et - git it
Z R —ﬁt; [Vf(6,)], xE NoaET: - IR | Fi
(a1)
(14)



Let us bound the term (ap) in 14:

d
git git
- V) xE . — ’ F
Ut;[ f( t)]z i+ € Bavii_1 + ¢ | t]

<

d
gi,t gi,t
V) xE ’ — : Fi
Ut;[ f(04)]; l i+ € ﬂ2’Uz‘,t—1+€| t]

«E git _ git | 7
| Vit € B2vi 1+ €

d
<n Y _|[VF(O); ]

i=1

d
9gi, 9i,
<m D |IVF @) < B || 22—~ R |
i=1 % t—
L (az)
(15)

By using the update rule v, = Bav; 1 + (1 — 52) g?’t from algorithm 1,
we can bound the term (ag) in 15:

1 1
Vit T € Bovit—1 + €

= |gi ¢ _ 4
T (Tt o) (Vv + o) ‘\/’W \/W‘

(a2) = [gi

_ |gi,t| |Uz',t - B2Ui,t71|
(VOiz +€) (/Bavit—1 +€) Uit + /Bavit1
|91 (1—B2) gi2,t

(by using the update rule)

: (Vo (Vw9 \/ﬂ2vi’t_1 +(1—B2) 87, + /Bavii
|gi.1| (1-B2) g2, .
= ’ ’ Bavit—1 >0
(Voie +€) (/Bavie—1 +¢) \/52Vi,t_1 ke, (since \/Bavis—1 > 0)
19t (1-B2) g2,
6( ﬁQvi,t—l + 6) (1 _ 52) g%’t
V1-Bagl,

N 6( Bovip—1 + 6) 1o

(since /v ¢ > 0 and Bav;;—1 > 0)

From 14, 15 and 16, we deduce the following inequality:



2
gt

ﬁzvi,t,q +e | Ft]) "

Therefore, we deduce a bound for (a) from 14 and 17:

(a1 <77tz< Vf(6:)]; 16_621@

V6 V=7 8L
[[Vf(O E ’ Fi
Z Povit—1 +e€ e i 1( f 8L ] € 52V¢7t—1+6| '
(18)

By using the assumption 3, we can also bound the term | [V f (6;)], for all
i€ [d].

Indeed,
Vie[d |[[Vf (0], <IIVF(0)l2
= |[Esnp[L£(0:, 5)]ll2
< B[ VL(6s:9)]]
<G (from assumption3)
So,

vield |[Vf(6)]] <G (19)

From 18 and 19 we deduce:

d

2
< —n, Z Vf Gt + ntG\/ 52 Z L | -Ft
Bavi -1 + € Bavii—1+€

(20)
. Bounding the second term (b) in 13

By using the update rule v; ; = fav; -1 + (1 — B2) gf’t from algorithm 1
in the expression (b), we get:



2
git

5 d
(b) := T;E lw ‘ ]:t]

L2 & :
- T LE = :|
i=1 (\/BQUi,t—l +(1-pB2)gf + e)
Lpp & | g; .
< %ZE it 5 | 7 (smce(l—ﬁg)git > 0)

o L(VBavit—1+€)

Ln? & ;
< 2i€t ZE e | Fi|  (sincey/Bavis—1 > 0)

= | Bavii_1+e€
So,
Lp? & :
(b) < Y NTR Y | F (21)
2e = Bavii—1+€

5. Combining the upper bounds on (a) and (b) defined in 13
By combining the upper bounds 20 and 21, we get the following inequality:

d

3 VF (6] mGWZEl

E[f (B41) | Fe] < f (0 Bovig—1+ e

(©) (d)

ft]
Bavii— 1+€

(22)
e Bounding the sum of (d) and (e) defined in 22:
We have:
d 2
mGv1— D5 LTI?) gt
Q)+ ()= (ML =P L\ g\ Bl g
@+ (0 = (MY, ) 2E | e | 7

=1
1(@ Lnt)ZEg”}"f (since /Bavii—1 > 0)

= :
=1

(23)



e Bounding the expression (c) defined in 22:
To that end, we first need to prove that Vi € [d] V' € [T] v; v+ < G*.
We can do it by induction on ¢’.
— It’s true for t/ =0
— Let’s consider ¢’ € [T] such that Vi € [d] v;p—1 < G*. We have:

Vi€ [d] vip = Pavig—1+ (1—B2) g},
< BG4+ (1—B2) g7, (by induction hypothesis)
< BG4 (1= B2) |13

2
= BoG? 4 (1 — f32) Z VL(O:,s) (by definition of g;)
sEBt 2
1
<G+ (1= B2) 5 D (IVL(G5)l3

t SEB:

1
< BoG? + (1 — Ba) 2 Z G*  (by assumption 3)
t seB,

= BoG? + +(1—52) 3 thQ

a2, (- 52) 2

= BoG* + by G

< BaG? 4 (1 — B2) G*  (sinceb; > 1)
= G2

We conclude by induction that,

Vi€ [d) Yt € [T] vy < G? (24)
Consequently,
zd: IV (6.)
2% t—1 1€
7 d
_ﬁ Z Vf (Ot)]f (by using 24)

v/ x-rud AEACAI - (25)

e Combining the results:

By using the inequalities 23 and 25, the upper bound in 22 becomes:



L U 2
E[f(O Fe] < f(0y) — —————|Vf(O
[ Bet) | 7 < 1100 ~ = IVF (B0
1 (mGy1— Ln} 1
+2 (M + m) E[llg3 | 7
€ € 2¢ |
S —
)
(26)
6. Bounding the last term (f)
Let us introduce the following notations:
1
&= D (VLO,5) = VI(0h) (27)
t
sEB;
Vse B Y,:= V£(0t, S) — Vf((gt) (28)
Y=YV, (29)
seB;
Then,
1
& = b—Y (30)
t

10



Consequently,

() =E [llgell; | ]

| Fi (by definition)

=E b Zva 0, 5)

B 2

—E ||| S (VL@ 5) - VH6) + V16| | F

2
B 2

~E (bl S (VE(BLs) - Vfwt))) + V1)

t sEBy

| i
2

[l + VA@)I3 | 5] (by definition 27)

=E[(&+V(0) (&+VF0) | F]
=E[|&)3 | F] +E[& | Fi' VEG) +VIO)TEE | F]+IVFO)3
N——— N—_——

=0 =0

1
= 3t [HYui | ft} +IVSO))3  (using 30)

—_

Z Y > | Fe| +IVF(0:)]3 (using 29)

SGBt s'€By

2

- Z E[Y,Yy | F] + V)3

1 1
7 Z VY | Rl + 5 D0 E[NTYe | R+ VA6

.5 {3 QS/E,B{,
1
= EY,| ] E[Ye | ]+ Z Ysll3 [ Fe] +IVF@)  (sinceY, Y | F)
2 Z t 2 2 t)l2 s¥s t
bt s,s' €B; -0 t sEB;
s#s’
1
=1 Z IVL©1,5) = VI O3] F| + IV /@3 (by definition 28)
€B:

< —2 Z o? +||V£(0:)]|3 (using the assumption 4)
bi €B,

< T 163
t

We conclude the following bound on the (f) term defined in 26:

11



(1) < 5+ 197015 (31)

By using the bound 31, the inequality 26 becomes:

G — 2 2
vr @3+ (BET=E 4 S (5 4 v seolR)

E[f(0i41) | Fi] < f(6r) 2¢

I
VPG + €
Which results in the following inequality:

It tG - t2
B (6011) | 70 < 100 + 197 @013 (=24 1 (B2 L))

(1)
2 (GT= L
+77t0 ( : 52+7h)

eby 2¢

(i1)
(32)

7. Incorporating the assumptions on the hyperparameters
The final step of the proof is to use the conditions on the hyperparameters
to bound (¢) and (éi).

e Using the choice of 7
Based on the condition 6, the learning rate is chosen to be fixed such

that:
2G/1 = B2
n< — 7
Therefore,
Ln < Gvl-p (33)
2e €
We can then bound the first term (i) as follows:
(i)'_— 1 _1 le—,82+%
= VBG+e € € 2¢
1 1 /GV1—=032 GV1I—p4 .
< _ _
< n(\/EG-FE 6( . + . (using 33)
1 26T PBs
o VPG +e €2 (34)
2 —_————

(4)

12



We can use the inequality 33 to bound the second term (%) as follows:

cn 77t02 GV1— 3 Ly,
(i) = + —
eby € 2¢
2 — —
< e (G\/l &2 + GVl ﬂ2> (using 33)
€b; € €

_ 21’}0’2G\/1 — 52 (35)

62 bt

e Using the choice of 82 to bound (iii)
By using condition 6, we can bound (iii):

2G\/1—Po  [4G2(1 — f32)
2 = 1

€

< 462 et (using 6)
—\ € 16G%(G +¢)? HsHe

1
C2G+e
<l 1 (e <) (36)
————— (since
= 2/BG +¢ 2=
e Deducing a new bound for (i)
From 36, we conclude that:
1 2G/1 — f3o S 1 1
VB2G + € €2 = 2BG +e
The inequality 34 becomes
. n
)< ———n 37
(4) VRGO (37)

Finally, by using 37 and 35, we get the following update to the inequality
32:

02 - P2
E[f (80:1) | Fi] < f(6) — W IVL (605 + W
(38)

8. Concluding according to the batch size

Notations:

13



Let us define the following constants:

- n
~ 2(/BeG +e)
_ 27702G\/1 — Pa

2
The inequality 38 can then be written as follows:
ELf (0ui1) | B < (00 = AIVL@]; + 5 (39)
By taking the expected value of the inequality 39,
E[f (0rs)] < E[f (6)] - AB[IVL (@)]3] +

Which can be rearranged as follows:

By summing 40 for all ¢ € [T], we get:

T T
TZ]E {HVL (@)l } %Z E[f (6:41)]) + %Zbl
=1 = 0t
— L (s -E[f(0 o g~ 1 tel
= 7x (f(01) —E[f (0r41)]) + TA ; b (using telescoping sum)
<i(f(0)—f(e*))—l-izT:l (where 0" := arg min f(0))
=7A YW TA 2=y, \Vherev T are)

We conclude that:

T - - -
7 L E[IVE@)IE] < 1(6) —F(O7) | o 5

e If the batch size is fixed: b; = by for all ¢:
Then, the inequality 41 becomes:

Ly 2] _ [(0) - f(67) |
7 2 E[IVE@IIE] < Z2aR e 5

14



Let us denote ¢; = w we conclude the first

part 7 of the theorem :

and ¢y = Ab ,

T
1 c
Ser,c; Ry = E [||w: (at)||§} <t
t=1

If the batch size by = boT for all ¢:
Then, the inequality 41 becomes:

T
7ZE[||V£ O t_l;
- c1 + co
_ata

We conclude the part 8 of the theorem, i.e:

T
FY-efive@i] =o(7)

If the batch size in linear in time (i.e, by = byt for all ¢):

Then, the inequality 41 becomes:

—ZE{\Vﬂ 0)l3] < CT+§32T:
- =

S

(42)

t=1

(&1)

We would like to find an equivalent to (7).

By applying the mean value theorem to the function @ : ¢ — In(t)
between ¢t and t 4+ 1 (for a fixed ¢ € [T]), there exists ¢; Aot t such
—+00

that:

B(t+1) - D(t) = — ~

1 1
Ct t

As, >(4); diverges, we conclude that:

T T 4
> (@(t+1) - B(1) H'ioozi
t=1 t=1

By telescoping sum, it implies:

T
ID(T) T—)A;;-oo Z ;

t=1

15



Which gives, by deviding by T:

t T—+o0o T

t=1

Nl

On the other hand,

% . (m(TT))

Which gives an equivalent to the bound (&;) in 42:

In(T)
T—+o00 c2 T

(&1)

From 41 and 43 we conclude the part 9 of the theorem:

(43)

;gm V7 6)13] =0 (ln(TT)>

If the batch size is of the form b; = [bot"] for all ¢ (with 0 <~y < 1):

Then, the inequality 41 becomes:

T
1 2 C1 Co 1
_ < =4 = —
72" Ve @3] < 5+ 2 > 5 (44)
(&2)

We would like to find an equivalent to (&3):
1

By applying the mean value theorem to the function ¥ : ¢ — mtl_’y
between ¢ — 1 and ¢, there exists ¢; ~ t such that :

W) — Ut —1) = ~ !

~Y
cg t——+oo Y

And the Riemann series ) 7 diverges (since v < 1), so we have:
t

1
v

M=

S - w(e-1), ~

t=1 t=1

Hence, by telescoping sum:

16



Consequently:

NS

3 1 G
tY T—+oo (1 —~)TY

t=1
1 1
— =0 =
T il

We conclude the following equivalent to the bound (&3):

And since:

C2

(€2) T—+oo (1 — )T (45)
From 41 and 45 we conclude the second part 9 of the theorem:
1 & 1
2
7 2B [IV/ @0l] =0 ()
O

17
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