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1 Introducing basic concepts

1.1 Basic Notations and Properties

Convention: Mathematically, the probability that a random variable X takes
the value z is denoted p(X = z). In this document, we simplify this notation
to p(X) to denote a distribution over the random variable X, or p(z) to denote
the distribution evaluated for the particular value x. This simplification applies
similarly for more variables.

1.1.1 Fundamental Rules

Proposition 1.1.1. For two random variables X,Y , the following funda-
mental Tules apply:

o Sum Rule:

o Product Rule:

1.1.2 Independence
Definition 1.1. Two random variables X and Y are said to be independent
if and only if:

P(X,Y) = P(X)P(Y)
1.1.3 Conditional Independence

Definition 1.2. Let X,Y, Z be random variables. We define X and Y to
be conditionally independent given Z if and only if:

P(X,Y | Z)=P(X | 2)P(Y | Z)

Proposition 1.1.2. If X and Y are conditionally independent given Z,
then:
P(X|Y,Z)=P(X | 2)



1.1.4 Independent and Identically Distributed

Definition 1.3. A set of random variables is independent and identically
distributed (i.i.d.) if each random variable has the same probability distribu-
tion as the others and all are mutually independent.

1.1.5 Bayes’ Formula

Proposition 1.1.3. For two random variables X,Y, Bayes’ formula is
given by:

P(Y | X)P(X)

PX 1Y) = =5

1.2 Matrix Calculus

In this section we present some basic definitions of matrix calculus and provide
a few examples.

1.2.1 The Gradient

Definition 1.4. Suppose that f : R™*"™ — R is a function that takes as
input a matriz A of size m X n and returns a real value. Then the gradient
of f (with respect to A € R™*™ ) is the matriz of partial derivatives, defined
as:

af(A)  afd) .. 9f(4)
6A11 8A12 6A17
Af(A)  9f(4) of (A
VAf(A) c R™*" — 0Az1 0Aszz dAszy,
0f(4)  05(A) 95(4)
0Am1  OAma 0Amn
i.e., an m X n matriz with
df(A)
Vaf(A).. =
( Af( ))z] 8Aij

Note that the size of V4 f(A) is always the same as the size of A. So if, in
particular, A is just a vector x € R™,



Vof(z)=|

It is very important to remember that the gradient of a function is only
defined if the function is real-valued, that is, if it returns a scalar value. We can
not, for example, take the gradient of Az, A € R™*" with respect to x, since
this quantity is vector-valued.

Proposition 1.2.1. Properties of partial derivatives

o Vo(f(2) +9(x)) = Vo f(x) + Vag(z).
o Fort e R,V (tf(x)) =tV,f(z).

1.2.2 The Hessian

Definition 1.5. Suppose that f : R™ — R is a function that takes a vector
i R™ and returns a real number. Then the Hessian matriz with respect to
x, written V2 f(x) or simply as H is the n x n matriz of partial derivatives,

9> f(x) Pf@ . Of@)
Ox? 0x10x2 010,
9% f(x) f@ . Pf(=@)
V2f(x) c RVX" — Ox20z1 02 Oz20z,
i) i) ... @)
O0x, 021 O0x,,0xo 0x2
In other words, V2 f(x) € R"™*", with
> f(x)
\% =
( a:f(x))q,] 81'1833]

Note that the Hessian is always symmetric, since

*f(x) _ 0*f(z)
(’9:62-31,]- o 8%8:@

Similar to the gradient, the Hessian is defined only when f(z) is real-valued.
It is natural to think of the gradient as the analogue of the first derivative for
functions of vectors, and the Hessian as the analogue of the second derivative
(and the symbols we use also suggest this relation). Finally, note that while
we can take the gradient with respect to a matrix A € R”, for the purposes




of this class we will only consider taking the Hessian with respect to a vector
x € R™. This is simply a matter of convenience (and the fact that none of the
calculations we do require us to find the Hessian with respect to a matrix), since
the Hessian with respect to a matrix would have to represent all the partial
derivatives 9% f(A)/ (0A;j0Ake), and it is rather cumbersome to represent this
as a matrix.

1.2.3 Gradients and Hessians of Quadratic and Linear Functions

Now let’s try to determine the gradient and Hessian matrices for a few simple
functions.

Exercise:
Let b€ R™ and f : x — b x. Caluclate V,f(z)

Solution:
For x € R", let f(z) = bTx for some known vector b € R™. Then

flz) = Z biz;
i=1

SO

f() 0 ¢, _
8l'k —ail'klzzlbzxz—bk

From this we can easily see that Vb7 2 = b. This should be compared
to the analogous situation in single variable calculus, where 0/(0x)az = a.

Exercise: N ow consider the quadratic function f(z) = 27 Az for A € S™.
Calculate:

Vof(z) and Vif()

Solution:
Remember that

Fl@) =YY Aimiz;
i=1 j=1

To take the partial derivative, we’ll consider the terms including x; and
z7 factors separately:



#ﬁj) = aiajk Z ZAile'ixj

i=1 j=1

= aixk ZZAijxixj == ZALICJ%]}]{, =+ ZAijkl‘j + Akkxi

itk jAk itk ik
= Apzi+ Y Apjzj + 24k
ik ik

=) Auzi+ ) Az =2 A,
i=1 =1 i=1

where the last equality follows since A is symmetric (which we can safely
assume, since it is appearing in a quadratic form). Note that the k th entry
of V, f(x) is just the inner product of the k th row of A and x. Therefore,
V2T Az = 2Az. Again, this should remind you of the analogous fact in
single-variable calculus, that 9/(0x)ax? = 2ax.

Finally, let’s look at the Hessian of the quadratic function f(z) = 27 Az
(it should be obvious that the Hessian of a linear function b”x is zero). In
this case,

Pf@) 0 [afu)] 3l22 Ausis| = 240 = 244,
=1l

Oxpdry  Oxp | Oxp - oxy,

Therefore, it should be clear that V22T Az = 2A, which should be
entirely expected (and again analogous to the single-variable fact that
9%/ (02?) az® = 2a).

To recap,
Proposition 1.2.2. We have the following properties:
oV, (bTx) =b

o V. (¢ Az) = 2Ax (if A symmetric)

o V2 (zTAz) = 2A (if A symmetric)

1.3 Review on differentials



Definition 1.6. Differentiable function. A function f : R™ — R™ is
differentiable at a € R™ iff there exists a linear map ¢, such that:

fla+h) = fla) = ¢a(h) + o(||n]])

We write:

Vh € R™  ¢q(h) = dfa(h)

If n =1 and since R™ is a Hilbert space, we know that there exists g € R™
such that df,(h) = (g, h). We call g the gradient of f at a. We write: g = Vf(a).

Exercise: i f f + a'x + b, calculate V f(z)

Solution: if f+— a'x + b then we have :

flx4+h)—flx)=a'h
and thus

Vfi(z)=a

Exercise: if fo + x' Az, calculate V f(x)

Solution:

fl+h) = f(2) = @@+ WTA@+h) - 2" Az
=2 Ah+ h" Az + o(||R||)

The gradient is then :

Via)=(A+AT)z

Exercise:
if f: A positive definite — logdet(A), calculate V f(A)



Solution:

e Method 1

n

|A| = Z(—l)”inj ’A\i,\j} (forany j€1,...,n)
i=1

So,
0 B < o
A= S (1) Ay Ay
8A1d| | aAk[ i=1< ) ) ’ \1’\J|

= (=1 A,
= (adj(A))ex

From this it immediately follows from the properties of the adjoint
that

ValAl = (adj(4))" = |4]A™T

Note that we have to restrict the domain of f to be the positive definite
matrices, since this ensures that |A| > 0, so that the log of |4] is a
real number. In this case we can use the chain rule (nothing fancy,
just the ordinary chain rule from single-variable calculus) to see that

Olog|A| _ Olog|A|0|A| _ 1 9|4
0A;;  O|Al 0A;;  |A|0A;

From this it should be obvious that

1

Va 1Og|A| = |A‘

VA|A| =A""!

where we can drop the transpose in the last expression because A
is symmetric. Note the similarity to the single-valued case, where

0/(0z)logx =1/x.
e Method 2
Let’s define H = (A_%> HA™ 3.

H is symmetric, so it can be written as :



H=UAUT

where U is an orthogonal matrix and A = diag (A1, ..., Aa)-
We have:

log(det(A + H)) = log (det (A% (I + A—%HA—%) A%))
= log(det(A)) + log(det(I + H))
= log(det(A)) + i log(1+ \;)
i=1

= log(det(4 +Z/\ + o(|| H]|)

=1l

= log(det(A)) + tr(H) + o ||H|))

= log(det(4)) +tr ((47F) HA™#) + o(||H])
— Tog(det(A)) +

= log(det(A)) +

( H
' ((A‘l)TH) +of||H]))
A7V H) + of |H])

—~

We deduce the gradient of log(det(A)):

V log(det(A)) = A™*

1.4 Review on Lagrange duality

e Lagrangian

Definition 1.7. Consider the following convex optimization problem:

min f(x), subject to Ax =b
xeX

where f is a convex function, X C RP is a convex set included in the
domain of f, A € R"*P b € R".

The Lagrangian associated with this optimization problem is defined as

L(x,A) = f(x) + AT (Ax — b)

The vector A € R™ is called the Lagrange multiplier vector.



e Lagrange dual function

Definition 1.8. The Lagrange dual function is defined as

g(A) = min L(x, A) (1)

X

The problem of maximizing g(\) with respect to X is known as the
Lagrange dual problem.

¢ Max-min inequality

Proposition 1.4.1. For any f : R™ X R™ and any w € R™ and
z € R™, we have

< i < mi
flw, z) < glea%(f(w,z) = min flw, z) < min glea%(f(w,z)

. o |
I S < e S (2)

The last inequality is known as the max-min inequality.

: o i
max min f(w,z) < min max f(w, 2) (2)

e Duality

Proposition 1.4.2.

f(x) ifAx=Db

+00 otherwise

max L(x,A) = {
Which gives us

min f(x) = min max L(x, ) (3)

¢ Weak and strong duality

Now from 1, 2 and 3 we have

X X

mgxg()\) = mfxmin L(x,A) < min max L(x,) = min f(x) (4)
The inequality 4 says that the optimal value d* of the Lagrange dual

problem always lower-bounds the optimal value p* of the original problem.
This property is called the weak duality.

10



If the equality d* = p* holds, then we say that the strong duality holds.
Strong duality means that the order of the minimization over x and the
maximization over A can be switched without affecting the result.

e Slater’s constraint qualification lemma.

Lemma 1.4.3. If there exists an x in the relative interior of XN{Ax =
b} then strong duality holds.

(Note that by definition X is included in the domain of f so that if x € X
then f(x) < 00.)

For a more general problem and more details about Lagrange duality,
please refer to [1] (chapter 5).

2 Parameter estimation by maximum likelihood

2.1 Statistical Models

Definition 2.1. A (parametric) statistical model Pg is a collection of
probability distributions (or a collection of probability density functions)
defined on the same space and parameterized by parameters 6 belonging to a
set © C RP. Formally:

Po = {ps() | 0 € 6}

2.1.1 Bernoulli model

Consider a binary random variable X that can take the value O or 1. If p(X = 1)
is parametrized by 0 € [0,1] :

{]P’(le):e
P(X =0)=1-0

then a probability distribution of the Bernoulli model can be written as

p(X =x;0) =0"(1—0)' "

and we can write

X ~ Ber(6).
The Bernoulli model is the collection of these distributions for § € © = [0, 1].

11



2.1.2 Binomial model

A binomial random variable Bin(f, N) is defined as the value of the sum of n
i.i.d. Bernoulli r.v. with parameter . The distribution of a binomial random
variable N is

P(N = k) = ( Z ) 0% (1 — )"F (5)

The set O is the same as for the Bernoulli model.

2.1.3 Multinomial model

Consider a discrete random variable C that can take one of K possible values
{1,2,...,K}. The random variable C' can be represented by a K-dimensional
random variable X = (X, Xs,...,Xg)" for which the event {C' = k} corre-
sponds to the event

{XkZI and Xl :O,VZ#IG}

If we parametrize P(C' = k) by a parameter 7y, € [0, 1], then by definition we
also have

]P)(Xk = 1) = Tk vk = 1,2,...,K,
with Zszl 7r = 1. The probability distribution over x = (x1,...,2%) can

be written as

K
p(x;m) = [ = (6)
k=1

where w = (7r1,7r2,...,7rK)T. We will denote M (1,7,...,7x) such a
discrete distribution. The corresponding set of parameters is

K
@:{WER+|ZW:1}
k=1

Now if we consider n independent observations of a M(1,7) multinomial
random variable X, and we denote by Ny the number of observations for which
x, = 1, then the joint distribution of Ny, Na,..., Ni is called a multinomial
M(n, ) distribution. It takes the form:

| K
n! e
p(nl,ng,...7nK;7r,n):7' ' ' I|7Tk
niNg.... NK.:
k=1
and we can write

(Nl,...,NK)NM(N,Trl,’/'TQ,...,ﬂ'K)

12



The multinomial M(n, ) is to the M(1, ) distribution, as the binomial
distribution is to the Bernoulli distribution. In the rest of this course, when
we will talk about multinomial distributions, we will always refer to a M(1, )
distribution.

2.1.4 Gaussian models

The Gaussian distribution is also known as the normal distribution. In the case
of a scalar variable X, the Gaussian distribution can be written in the form

e (—(‘””;U“)) )

where y is the mean and o2 is the variance. For a d-dimensional vector x,
the multivariate Gaussian distribution takes the form

N (z;p,0°) =

Nx | 1.%) = e (5 w2 ) )

where p is a d-dimensional vector, ¥ is a d X d symmetric positive definite
matrix, and |¥| denotes the determinant of 3. It is a well-known property that
the parameter pu is equal to the expectation of X and that the matrix X is the
covariance matrix of X, which means that 3;; = E[(X; — ;) (X; — ;)]

2.2 Maximum Likelihood Estimation

Definition 2.2. Mazimum likelihood estimation (MLE) is a method of
estimating the parameters of a statistical model. Suppose we have a sample
T1,Z2,. .., Ty of n independent and identically distributed observations, com-
ing from a distribution p (z1, 22, . .., Tn;0) where 8 is an unknown parameter
(both x; and 0 can be vectors). As the name suggests, the MLE finds the
parameter 6 under which the data T1,T2,..., T, are most likely:

6 = argmaxp (21,29, ...,2,;0)
)

The probability on the right-hand side in the above equation can be seen
as a function of 0 and can be denoted by L(0) :

‘C(a) :p(xlax27"'7xn;0)

This function is called the likelihood.
As x1,x9,...,2, are independent and identically distributed, we have

n

£(0) =[[p (@0

i=1

13



In practice it is often more convenient to work with the logarithm of the
likelihood function, called the log-likelihood:

(0) =log £(0) =log ] [ p (w:50) = D _logp (w:30) 9)

Next, we will apply this method for the models presented previously. We
assume that all the observations are independent and identically distributed in
all of the remainder of this lecture.

2.3 Exercises:

Exercise: MLE for the Bernoulli model

Solution:
Consider n observations z1, xs,...,x, of a binary random variable X
following a Bernoulli distribution Ber(). From 5 and 9 we have

0(0) = logp (x;0)
=1

= logf™ (1 —6)' "
1=1

= Nlog(f) + (n — N)log(1l — 6)

where N = Y7 | z;.
As £(0) is strictly concave, it has a unique maximizer, and since the

function is in addition differentiable, its maximizer 6 is the zero of its
gradient V£(0) :

0 N n—-N

It is easy to show that V/(f) = 0 <= 6 = &, Therefore we have

GoN_mtat -+

n n

Exercise:
MLE for the Multinomial model

14



Solution: Consider N observations Xi, Xs,..., Xy of a discrete ran-
dom variable X following a multinomial distribution M (1, ), where w =
(71,72, . .. ,7TK)T. We denote x;(i =1,2,...,N) the K-dimensional vectors
of 0 s and 1 s representing X, as presented in Section 2.1.3.

From 9 and 6 we have:

=

() =) logp (x;7)

p=1

“2w=(ll)

K
Z Tik log Tk
1 k=1

zu

Il
Mx i Mz i

ng log mx,

ol
Il
—

where n;, = vazl Zir ( g is therefore the number of observations of
xr=1).
We need to maximize this quantity subject to the constraint:

M=

We need to minimize

K
f(mw) = —l(m) = — an log 7y,
k=1

subject to the constraint 177w = 1.
The Lagrangian of this problem is

K K
—anlogwk + A (Zﬂ'k = 1)
k=1 k=1

Clearly, as ny > 0(k = 1,2,...,K), f is convex and this problem is
a convex optimization problem. Moreover, it is trivial that there exist
1,72, ..., Tk such that 7 >0 (k=

1,2,...,K) and ch{:l T, = 1, so by Slater’s constraint qualification, the
problem has strong duality property. Therefore, we have

min f () = m)ffmxmin L(m, \)

15



As L(m, ) is convex with respect to 7, to find min, L(7, \), it suffices
to take derivatives with respect to 7. This yields

oL
9= Mk N—0,k=1,2,... K.
87Tk Tk
or
n
wk=7’“,k=1,2,...,K

Substituting these into the constraint Zszl 7, = 1 we get Z,I::l ng = A,
yielding A = N. From this and (1.24) we get finally

R n
wkzﬁk,kzl,Q,...,K

Remark: 7 is the fraction of the IV observations for which z;, = 1.

Exercise:
MLE for the univariate Gaussian model

Solution:
Consider n observations x1, xs, . .., Z, of a random variable X following
a Gaussian distribution N (,u, 02). From 9 and 7 we have:

€ (p,0%) = logp (i p,0%)
p=1

n 1 T — 2
= Z;log l(27m2)1/2 exp <_( 202#) )]
n o 2
= —g log(2m) — glog (0®) - %Z u

We need to maximize this quantity with respect to u and o2. By taking
derivative with respect to p and then o2, it is easy to obtain that the pair
(f1,6?%), defined by

L
M:E;xi



is the only stationary point of the likelihood. One can actually check (for
example computing the Hessian w.r.t. (u, 02) that this actually a maximum.

Exercise:
MLE for the multivariate Gaussian model

Solution:
Let X € R? be a Gaussian random vector, with mean vector u € R% and
a covariance matrix ¥ € R4 (positive definite). We have from 8

_ 1 1 —(z - )= (z—p)
p(x | p,%) = ) Tetzexr)( > )

Let z1,...,x, be a i.i.d. sample.
As shown in 9, the log-likelihood is given by:

E(/”‘a Z) = 10gp(.131, oo Ty My E)

=log [[p (x| 1, %)

=il

> (i (i - M))

p=ll

l\:)\r—l

d
== <n2 log(27) + log (detX) +

In this case, one should be careful that these log-likelihoods are not
concave with respect to the pair of parameters (u,Y). They are concave
w.r.t. 4 when ¥ is fixed but they are not even concave with respect to 2
when p is fixed.

Remember that the function we want to differentiate is :

NE

(@i — )" =7 (2 — N))

d 1
U, X)) = — <712 log(2m) + glog(det )+ 3

i=1

Let us first differentiate ¢(u, X) w.r.t. p.
We need to differentiate :

U:ope (o —p) 70 (@i — p)
Which is equal to g o f where :
g:R"—> R
yoy' Sy

17



and
fiRY 5 RY
W= = Ty

Reminder : Composition of differentials

dWa(h) = d(g o f)a(h) = (dg) f(q) © dfal(h) = (dg) f(q) (dfa(h))

We have:

Va,h € R fla+h) = f(a) +h
Thus;

Ya,h € RY df,(h)=h

Moreover, from 1.3:

Vy e RY Vg(y) = (2—1 + (2_1)T> y =251y

As a result,
d(g o )a(h) = (dg) 0 (h)
= (Vg (f(a)),h)
= <2271 (a —x;), h>
= (Vi(a), h)
So,

And therefore,

where z = L 30 | x;
The gradient is equal to 0 iff :

18



S

//j\/:

n
D%
i=1

Let us now differentiate ¢ w.r.t. ¥~1. Let A = X~1. We have :

x) = - (’;d log(2m) — & log(det A) + 3 > (i — )" Az ~ m)

i=1

The last term is a real number, so it equal to its trace.
Thus :

U, X)) = — (T;d log(2m) — glog(det A) + Ztr(Af))) (10)

where

n

Y (@i — ) (@i - )T

i=1

i:

S

is the empirical covariance matrix.
Let ®: A Ztr(AX).
We have :

VA, H € R¥”? &(A+ H) — ®(A) = gtr(Hi)

The gradient of the last term in eq 10 is then :

Vo(A) = gi

Let 2: A — log (det(A)).
From exercise 1.3 we have the gradient of the second term in eq 10:

VZ(4) = A1

And the gradient of £ in 10 w.r.t. A is:

19



It is equal to zero iff :

S=3
when ¥ is invertible.

Finally we have shown that the pair

n

1 o 1 T
0=r—= — i dz:f ,L»—7 i—7
p=z=_ ;:1 T; an - g (x; — Z) (x; — T)

i=1
is the only stationary point of the likelihood. One can actually check (for
example computing the Hessian w.r.t. (u, X) that this actually a maximum.

3 Linear Regression

3.1 Introduction

When dealing with two random variables X and Y, one can use a generative
model, i.e. which models the joint distribution p(X,Y’), or one can use instead a
conditional model (often considered equivalent to the slightly different concept
of discriminative model), which models the conditional probability of the output,
given the input p(Y | X). The two following models, linear regression or a
logistic regression, are conditional models.

3.2 The Linear Regression model

Exercise:
Let’s assume that Y € R depends linearly on X € RP. Let w € RP be a
weighting vector and 02 > 0. We make the following assumption:

Y[X~N(w'X, 0%

which can be rewritten as

Y=w'X+e

with € ~ A (0,02). Note that if there is an offset wo € RP, that is, if
Y = w'X + wy + ¢, one can always redefine a weighting vector w € RP*!

such that
Yv?/T( f)ﬂ

Let D = {(x1,%1), ", (Xn,Yn)} be a training set of i.i.d. random
variables. Each y; is a label (a decision) on observation x;.

20



We consider the conditional distribution of all outputs given all inputs,
which is a product of terms because of the independence of the pairs forming
the training set:

n

Py sy [, w, o) = [ p (v | x5 w,0%)
1=1

The associated log-likelihood has the following expression:

n 2
1 Yi — W xl)
—1( E logp (y; | x;) —flog 271'0 +§ZE=1

The minimization problem with respect to w can now be reformulated
as:

. Lo 2
find w:argrr&n%;(yi_WTxi)

Define the so-called design matrix X as

x|
X = : € R"*P
X5
and denote by y the vector of coordinates (y1, -+ ,Yn)-

The minimization problem over w can be rewritten in a more compact
way as:

1
find W = argmin — ||y — Xw]|°.
w 2n

Solution:
Let f:w— 5|y — Xwl?
We have:

Flw) = 5 lly — Xw?

1
o (y y — 2WTXTy+WTXTXW)
n

f is strictly convex if and only if its Hessian matrix is invertible. This
is never the case when n < p (in this case, we deal with underdetermined
problems). Most of the time, the Hessian matrix is invertible when n > p.

21



When this is not the case, we often use the Tikhonov regularization, which
adds a penalization of the />-norm of w by minimizing f(w) + A||w||? with
some hyperparameter A > 0.
The gradient of f is
1
Viw)= X' Xw—-y)=0+=X"Xw=X"y
n

The equation X Xw = X Ty is known as the normal equation.

e If XTX is invertible.

Then the optimal weighting vector is
w=(X"X)"'XTy =Xy

where Xt = (XTX)_1 X T is the Moore-Penrose pseudo-inverse of X.

e If XTX is not invertible:

The solution is not unique anymore, and for any h € ker(X),w =
(XTX)T X Ty + h is an admissible solution.

In that case however it would be necessary to use regularization.
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